The present study investigates the theoretical analysis on steady viscous incompressible MHD laminar boundary-layer flow and heat transfer of an electrically conducting nanofluid over a convectively heated nonlinear permeable sheet with partial slip using homotopy analysis method. The present model used for the nanofluid incorporates the combined effects of magnetic field, partial slip, Biot number, suction/injection, non-linear parameter, Brownian motion, and thermophoresis. We use local similarities variable, the governing equations which are nonlinear partial differential equations was transformed into a system couple of nonlinear ordinary differential equation, which are solved semi-analytical by using homotopy analysis method. Graphically results obtained for the velocity, temperature, and nanoparticle concentration profiles are displayed for various values of the existing parameters controlling the fluid flow: Slip parameter , Magnetic field , Biot number , suction/injection parameter , Brownian motion parameter , and thermophoresis parameter . It was found that the Biot number increase the dimensionless temperature profile. Numerical results obtained are compared with the previous published results found on literatures are in good agreement and are discussed quantitatively.
Introduction
Flow over a permeable surface has significant importance in spite of its relevance in many industrial applications. In the recent years, analysis of convective motion and heat transfer over a permeable sheet due to MHD has attracted the interest of many researchers in view of its applications in industrial processes. Some of its areas of application are in metallurgy, aerodynamic extrusion of plastic sheet, polymer extrusion, glass fiber production, cooling of metallic plate and drying of papers (see [Uddin et al., 2012; Wang, 2006; Fang et al., 2009; ). The influence of cooling and stretching with certain features determine the quality of a final product in industrial processes. For instance, a non-Newtonian Liquid with weak electrical conductivity can be selected for cooling by regulating the heat transfer rate through external means. Moreover, the elementary analysis of Newtonian fluid of steady two dimensional boundary layer flows past a permeable sheet can be found in many heat transfer textbooks (see [Arpaci and Larsen, 1984; Crane, 1970; & Schlicting, 1955] ). Researches on magnetohydrodynamic (MHD) flow and heat transfer are of great interest due to influence of magnetic field on the boundary layer flow and on the level of performance in many system using fluid with electrically conducting fluid. The problem of heat transfer for boundary layer flow with a convective boundary condition was considered by Aziz (2009) . Makinde (2010a Makinde ( , & 2010b studied the heat and mass transfer past a vertical plate with convective boundary conditions. And extension of his work was carried out by Ishak (2010) and Ishak et al., (2011) to steady laminar boundary layer flow and heat transfer past a stationary permeable flat plate with a uniform free stream and convective boundary condition. The problem of steady laminar boundary layer flow past a wall of the wedge with suction/injection in the presence of mass diffusion and species concentration was studied by Anjali Devi and Kandasamy (2002) . And extension was made by Gorla et al., (1998) to MHD effect on a vertical stretching sheet in the presence of suction and blowing. Alam et al., (2006) investigated on the influence of Dufour and Soret numbers on unsteady MHD free convection and mass transfer flow over an infinite vertical porous plate in a porous medium. Andersson (2002) find a closed form solution of magnetohydrodynamic flow considering slip boundary condition over a stretching sheet. Partial slip boundary condition on full Navier-stokes equations was considered by Wang (2002) due to a stretching sheet. The problem was solved using a closed form similarity solution. Fang et al., (2009) considered slip magnetohydrodynamic with viscous flow past a stretching sheet was solved analytically. On his closed form solution for viscous fluid flow past a shrinking sheet with second order velocity slip condition. In line with that incorporated thermal slip condition on unsteady magnetohydrodynamic flow and heat transfer past a permeable stretching material with slip condition. The problem of MHD slip flow of boundary layer flow and heat transfer with convective boundary condition past in flat plate was solved analytically by Turkyilmazoglu (2012) . Considering heat generation on MHD boundary layer slip flow by Uddin et al., (2012) analysed the problem using scaling group transformation. In the same trend, several investigations in this direction were made (see [Das, 2012; Van Gorder et al., 2012; Aminreza et al., 2012; Alam et al., 2005; Mukhopadhyay et al., 2005; Sajid et al., 2008; Hayat et al., 2007; & Xuan and Li, 2014] ).
The objective of this study is to analyze the combine influence of Magnetohydrodynamic, Brownian motion, Thermophoresis, suction/injection, Non-linear stretching, and Partial slip on boundarylayer flow and heat transfer of nanofluid over a non-linear permeable sheet. It is assumed that the nanofluid in the presence of partial slip. In our present work, we use a similarity analysis to reduce the governing equations to ordinary differential equations, in which we proceed by using homotopy analysis method to solve the problem. The aim of the present paper which is an extension of Das (2014) is to study the flow and heat transfer problem due to the steady MHD boundary-layer flow of a viscous nanofluid caused by a non-linear permeable sheet with partial slip. Numerical results obtained are shown graphically and discussed quantitively for different values of the various dimensionless parameters controlling the fluid flow.
Mathematical Analysis
Consider a two-dimensional steady boundary layer flow of nanofluid over a non-linear permeable stretching sheet with partial slip. We assumed the speed at a particular point on the plate to be proportional to the power of its distance from the boundary layer approximation and the slit are applicable. The flow start at ≥ 0, where (coordinate) is the measured normal to the stretching sheet. We take the sheet to vary non-linearly with distance from the leading edge ( ), where (coordinate) is the measure along the shrinking sheet. We assume that the constant surface temperature of the sheet and concentration of the sheet are and with uniform far temperature and concentration from the sheet ∞ and ∞ respectively. The boundary layer governing equations for conservation of mass, momentum, energy, and nanoparticle volume fraction (see [Das, 2014; Nandy et al., 2014; & Ibrahim and Shankar, 2013] ) are
Where , are the velocity components along and −axis respectively, is the kinematic viscosity, is the electrical conductivity which is constant, is the density of the base fluid, is the thermal diffusivity, is the Brownian diffusion coefficient, is the thermophoresis diffusion coefficient, and is the specific heat at constant pressure, = ( ) ( ) ⁄ is the ratio between the effective heat capacity of the nanoparticle material and heat capacity of the fluid, is the fluid temperature and is the nanoparticle volume fraction, is the suction/injection and is the slip velocity which is taking to be proportional to the local wall stress. The boundary conditions are written as
Where is the slip length taking to be proportional constant of the slip velocity, the surface of the sheet is heated from below by convection from hot fluid at temperature which provides a heat transfer coefficient ℎ . We introduce the dimensionless quantities define as follows:
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Where the stream function is defined in the usual way = and = − . Substituting equation (7) into equation (1)- (5), we obtain the similarity ordinary differential equations as follows:
The corresponding boundary conditions (5) transformed to
Where the primes represent differentiation with respect to and , , , , , , , , & = represents the Biot number, Magnetic field, Prandtl number, the lewis number, the Brownian motion parameter, the thermophoresis parameter, suction/injection parameter, and nonlinear stretching parameter and slip parameter. Now by computation using homotopy analysis method (HAM) the problems containing equations (8)-(11) (see [Hayat and Awais, 2011; Liao, 2003; Abbasbandy and Hayat et al., 2012] ). Figs. 1-3 shown the determined the corresponding values of the auxiliary parameters ℎ , ℎ , and ℎ for the solution to convergent. The ranges of admissible convergent for ℎ , ℎ , and ℎ are −0.1 ≤ ℎ ≤ 0.1 and −0.45 ≤ (ℎ , ℎ ∅ ) ≤ 0.45 respectively. Therefore the solutions for ℎ , ℎ , and ℎ is −0.25 which convergence in the region of (0 < < ∞). 
Results and Discussion
Equations (8-10) subject to the boundary conditions in Equation (11), were solved semianalytically using MATHEMATICA 9. Our results obtained show its accuracy and robustness which was repeatedly confirmed in previous published work in literature (Das 2014; Cortell (2007) , & Rana and Bhargava (2012) ). As we check on the accuracy of our numerical computations by comparing our results with Cortell (2007) , Rana and Bhargava (2012) , and Das (2014) in Table 1 . These results pertain to a solution when = = = = 0 with different various constant assigned to non-linear stretching parameter . For the values of the Prandtl numbers shown in Table 1 , the present study results agree to six places of decimal with the results of Das (2014) , Rana and Bhargava (2012) , and Cortell (2007) , a conclusion that is consistent with the results obtained of Das (2014) . Furthermore, the excellent agreement with our results obtained and those of others for the limiting cases as see in table 1 gives us confidence in the high level of accuracy. So let draw our attention to discussion of graphical results that gives us additional insights into the model under investigation. Figs. 4-17 plots the variations of the slip parameter , magnetic field , suction/injection , non-linear stretching parameter , the brownian motion parameter and the thermophoresis parameter , respectively on the streamwise velocity, temperature, and nanoparticle concentration profiles. The outcomes of slip parameter are shown in fig.4 . It is observed that streamwise velocity field ′( ) increases as slip parameter increases, the surface wall increases due to presence of slit and as result get to a smaller amount of penetration because of presence of stretching surface in the fluid. Fig.5 shows the variation in the streamwise velocity ′( ) for different values of magnetic field . We observed that the influences of magnetic field on the flow field. Due to presence of transverse magnetic field system in Lorentz force effect, which resulted to retarding influence on the streamwise velocity profile. As the values of magnetic field parameter M increases, the retarding force increases and resulting to decreases in the streamwise velocity. We observed that from the profile that the boundary layer thickness reduces as magnetic field parameter M increases. The influence of suction on streamwise velocity is displayed in fig.6 . It is noted that by increasing suction the stream wise velocity ′( ) decreases rapidly closed to the boundary. Fig.7 plot the effect of non-linear stretching parameter . The results show that an increase in results to increase in streamwise velocity ′( ). The result reveals that the momentum boundary layer thickness increases with increasing the non-linear stretching parameter . Fig. 8 displayed the influence of Biot number on the dimensionless temperature profile which shows that increasing in Biot number leads to an increase in the temperature. This increase in the dimensionless temperature produces an increase in the temperature due heated at the surface. Effect of slip parameter A on temperature ( ) when the fluid flow is being sucked with the velocity are presented in fig.9 . It is observed that temperature profile ( ) decreases rapidly closed to the thermal boundary layer thickness with an increase in non-linear stretching parameter . The effect of on temperature profile shown that an increase in slip parameter will result to a decrease the temperature in the fluid field due to presence of magnetic field. The effect of magnetic field parameter M on the temperature profile ( ) for different values of M with fixed values of other parameters, we observed that the temperature at a particular point decreases with increasing in values of M. The results show that the temperature field is affected by the advection of the fluid flow above the surface sheet see fig.10 . The influences of and on the temperature profile ( ) are almost the same figs.11 and 12. The only difference lies in the rate of variation in both conditions. As expected the parameters and increase, the temperature at a particular point increases. Resulting to the thermal boundary layer thickness to increase with increase in and . It is noted that an increase in will results to an increase of the temperature difference between the surface sheet and the ambient fluid and increase the thermal boundary layer thickness. Also the thermophoresis showing the fact that small nanoparticles suspended in a nonisothermal gas will acquire a flow in the direction of decreasing temperature. In fig.13 is plotted to analyze the effects of non-linear stretching sheet on the temperature profile. As expected increase in stretching parameter results to an increase in the boundary layer thickness on the temperature profile. The effects of slip parameter A on nanoparticle concentration profile is displayed in fig. 14. It is observed that an increase in the slip parameter A results to an increase in the nanoparticle concentration profile. Graph displayed in Fig.15 reveals variation of nanoparticle concentrations profile in response to a change in magnetic field parameter M. The influence of magnetic field on nanoparticle concentration profile graph is non-monotonic, that is as the values of M parameter increase, they nanoparticle concentration boundary layer thickness is decreasing. The transverse magnetic field has decreased the concentration boundary layer thickness. Fig. 16 illustrates the variation of nanoparticle concentration with respect to non-linear parameter . As we can see from the graph, the nanoparticle concentration increases with decrease in non-linear stretching parameter in the presence of magnetic field. The influence of the change of Brownian motion parameter and thermophoresis parameter in Nanoparticles concentration profile are shown in figs. 17 and 18. Graph fig.17 shown the variation of nanoparticle concentration in response to a change in Brownian motion parameter . As we can see the values of Brownian motion parameter increase, the nanoparticle concentration boundary layer thickness is decreasing. Due to the fact that, the magnitude of nanoparticle concentration gradient on the sheet increases with increase in the values of Brownian motion. It is noticed in fig.18 that as thermophoresis parameter increases the concentration boundary layer thickness decrease and the concentration gradient at the surface increase (in presence of magnetic field), as both and increase. 
Conclusion
The effects of partial slip, Biot number, magnetic field, suction/injection, non-linear stretching parameter, Brownian motion, and thermophoresis parameters on the boundary layer flow and heat transfer of an electrically conducting nanofluid with a convectively heated over a non-linear permeable sheet are investigated semi-analytically using homotopy analysis method (MHD). The influence of these existing parameters on dimensionless velocity, temperature, nanoparticle concentration can be concluded as follows:
(1) Heat transfer rate of the nanofluid over a nonlinear permeable is found to be increased with Biot number on the boundary layer flow. (2) The dimensionless velocity of the nanoparticle decrease with increase in slip parameter A in the present of magnetic field parameter and non-linear stretching parameter . (3) The dimensionless temperature profile in the present of magnetic field, increase in nonlinear stretching sheet and slip parameter A results to decrease the thermal boundary layer thickness. (4) The dimensionless nanoparticle concentration show an increasing with several values of the slip parameter A and non-linear stretching sheet parameter .
